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On the affine umbilical hypersurfaces 
By P. T. N A G Y in Szeged 
In this paper we shall give an affine generalization of a theorem on the umbilical 
hypersurfaces of a Euclidean space ([1], p. 30). 
Let An+1 be the affine space of dimension n+1 and denote by Rn + 1 its co-
ordinate space. Consider a smooth manifold M of dimension n, and an immersion 
/ : M—A" + 1 of M into An+1. Since our discussion is local, we may assume that M 
is a hypersurface imbedded in An + 1. 
Let be given an affine normalization R"+1 of the hypersurface M in 
A"+1, that is a vector field I;x on M, the value of which is linearly independent from 
the tangent vectors of M at every point x£M. 
We denote the canonical covariant differentiation in An + 1 by V . Let X and Y 
be tangent vector fields on M. Since (V^F)* is defined for each x£M, we shall denote 
its tangential component with respect to the normalization by (VXF)X, so we have 
(1) OWx = (VxY)x+gx(X, Y)£x. 
It. is known that V* Y defines a symmetric linear connection on M, called the 
induced connection of M, and gx(X, Y) is a "scalar product" on M. 
We say that the affine normalization R" + 1 is relative, if the covariant 
derivative(VxOxof^ for each tangent vector X£TM has only tangential component, 
that is 
. (2) . (VxOx = Bx(X), 
where Bx: TXM'-*TXM is a linear operator of the tangent space of M. 
We say that the normalized hypersurface (M,f, is affine umbilical at a point 
x£M, if Bx=).xix, where ),x is a scalar and Ix denotes the identity operator of the 
tangent space TXM. 
L e m m a . We have {VXB)(Y) = (VYB)(X) for any tangent vector field X and 
Y of M. 
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P r o o f . Applying the equations (1) and (2) we get 
B{[X, Y]) = = (V'XVY-V'YV'X)£ = VX(B(Y))-RY(B(X)) = 
= VX(B(Y)) + g(X, B(Y))I;-VY(B(X))-g(Y, B(X))Q = 
= &xB)<Y) + B<yxY)+g(X, B(Y))Q-(VyB)(X)-B{VYX)~g{Y, B(X))L 
Since VXY i s s y m m e t r i c covariant differentiation, we have Vx Y— VYX = [X, Y], 
that is 
B(VXY)-B(VYX) = B([X,Y]). 
From this and the preceding calculation follows 
{ ( V ^ ) ( r ) - ( V y J B ) ( Z ) } + { g ( ^ 5 ( 7 ) ) - g ( 7 , J B W ) } . i = 0, 
which shows that the tangential component is (VXB)(Y) — (VYB(X) = 0. 
Thus the lemma is proved. 
We say that the affine normalization c: M->-R" + 1 of the hypersurface ( M , f ) 
is radial affine, if there is a coordinate system of A" + 1 in which the affine normal 
vector £,x and the position vector of the point fx(LA" + 1 coincide for each point x£M. 
It is trivial that every radial affine-normalization is relative affine. 
We say that the affine normalization M ^ R " + 1 is similar to a radial affine 
normalization, if there exists a nonzero constant r such that T • M—R" + 1 is a 
radial affine normalization. 
T h e o r e m 1. Let (M,f.\ c) be an affine normalized hypersurface in A" + 1. If the 
affine normalization C: M^Rn + 1 is similar to a radial affine normalization, then the 
hypersurface is affine umbilical at every point x£M. 
P r o o f . Identifying fx£An + 1 with the corresponding position vector in Rn + 1, 
we have ¿ x = 1 / t fx, which shows that for every tangent vector field X on M (yxQx = 
= Xx. 
It follows that Bx=\\t Ix, that is the hypersurface is affine umbilical. 
T h e o r e m 2. Let (M,f £) be a relative affine normalized hypersurface in A" + 1. 
If every point x£M is affine umbilical, then either the vector function + 1 
is constant or the normalization £ is similar to a radial affine normalization of the 
hypersurface f . M—A"+ 1. 
P r o o f . Since every point x £ M is affine umbilical, there exists a scalar func-
tion Xx on M such that Bx = lxIx. We are going to prove that Xx is a constant function. 
For any tangent vector fields X and Y on M we have 
(VXB)(Y) = VX (BY)-B(VXY) = V X (AY) -A.V X Y= (XX) Y. 
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Similarly, ' 
(VYB)(X) = (YX)X. 
By Lemma we obtain 
(XX)Y = (YX)X. 
For each x£M we may choose the tangent vector fields X and Y on M so that 
Xx and Yx are linearly independent. It follows that Z/,=0 for every Z£TXM, that is 
X is equal to a constant on M. 
Identifying fx£ A"+ 1 with its position vector in jR" + 1, we consider fx + £x as an 
Rn + 1 -valued vector function on M. 
If X is an element of TXM, we have 
V'xW-O = XX-V'x£ = XX-IX = 0, 
which shows that Xfx—l;x=ct is a constant vector in Rn+1. 
If A = 0, then £x is a constant vector, and our assertion is proved. 
If XT^O, then Xfx — £x = a implies fx— \jX a= l/X • which shows that in the 
coordinate system of A" + l translated with the vector l/X-a the affine normaliza-
tion 1/A £ is a radial affine normalization of the hypersurface (M, f ) . Thus our the-
orem is proved. 
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